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[1] We investigate whether the Quasi-geostrophic (QG) modes and the Surface Quasi-
geostrophic (SQG) solutions are consistent with the vertical structure of the subinertial
variability off southeast Brazil. The first-order empirical orthogonal function (EOF) of
current meter time series is reconstructed using different QG mode combinations; the first
EOF is compared against SQG solutions. At two out of three moorings, the traditional flat-
bottom barotropic (BT) and first baroclinic (BC1) mode combination fails to represent the
observed sharp near-surface decay, although this combination contains up to 78% of the
depth-integrated variance. A mesoscale broad-band combination of flat-bottom SQG
solutions is consistent with the near-surface sharp decay, accounting for up to 85% of the
first EOF variance. A higher-order QG mode combination is also consistent with the data.
Similar results are obtained for a rough topography scenario, in which the velocity vanishes
at the bottom. The projection of the SQG solutions onto the QG modes confirms that these
two models are mutually dependent. Consequently, as far as the observed near-surface
vertical structure is concerned, SQG solutions and four-QG mode combination are
indistinguishable. Tentative explanations for such vertical structures are given in terms of
necessary conditions for baroclinic instability. “Charney-like” instabilities, or, surface-
intensified “Phillips-like” instabilities may explain the SQG-like solutions at two
moorings; traditional “Phillips-like” instabilities may rationalize the BT/BC1 mode
representation at the third mooring. These results point out to the presence of a richer
subinertial near-surface dynamics in some regions, which should be considered for the
interpretation and projection of remotely sensed surface fields to depth.

Citation: Rocha, C. B., A. Tandon, 1. C. A. da Silveira, and J. A. M. Lima (2013), Traditional quasi-geostrophic modes and surface
quasi-geostrophic solutions in the Southwestern Atlantic, J. Geophys. Res. Oceans, 118, 2734-2745, doi:10.1002/jgrc.20214.

1. Introduction

[2] An interesting conundrum has arisen in the scientific
literature on the correct dynamics to represent the global
remotely sensed sea surface height (SSH) and sea surface
temperature (SST) at mesoscales and their relationship to
the vertical structure of the oceanic flows [e.g., Lapeyre,
2009; Ferrari and Wunsch, 2010]. Two dynamical ideas
have been invoked to extend the SSH and SST (and soon
sea surface density, as surface salinity measurements from
Aquarius [Lagerloef et al., 2008] become available) to sub-
surface: traditional quasi-geostrophic (QG) modes and sur-
face quasi-geostrophic (SQG) solutions.

nstituto Oceanogriafico, Universidade de Sao Paulo, Sao Paulo, Brasil.

2University of Massachusetts Dartmouth, North Dartmouth, Massachu-
setts, USA.

3Centro de Pesquisas e Desenvolvimento Leopoldo A. Miguez de
Mello, Petrdleo Brasileiro S. A., Brasil.

Corresponding author. C. B. Rocha, Instituto Oceanografico, Universi-
dade de Sao Paulo, P¢a do Oceanografico, 191, Cid. Universitaria, 05508-
120, Sao Paulo, Brasil. (cesar.rocha@usp.br)

©2013. American Geophysical Union. All Rights Reserved.
2169-9275/13/10.1002/jgre.20214

[3] The first idea stems from the work by Wunsch
[1997], who observationally investigated the vertical parti-
tion of the horizontal kinetic energy (KE). Based on 107
moorings (mainly in the North Atlantic and Pacific oceans),
this study concluded that, in general, the daily-averaged
surface KE is mainly due to first baroclinic (BC1) motions.
Wunsch [1997] argued that this is because the BC1 mode is
surface intensified; consequently, altimeters may reflect
this motion. This seems consistent with theoretical predic-
tions [Fu and Flierl, 1980] and idealized numerical QG tur-
bulence experiments [e.g., Scott and Arbic, 2007]. Scott
and Furnival [2012] investigated further the use of a phase-
locked linear combination of the barotropic (BT) and BC1
modes to extrapolate the surface geostrophic velocity. The
authors pointed out that this linear combination loses pre-
dictive skills below 400 m.

[4] The second idea is based on the SQG approximation.
In SQG models [e.g., Held et al., 1995], the flow is driven
by surface buoyancy anomalies, with constant (generally
zero) interior potential vorticity (PV). Indeed, the surface
buoyancy anomalies can be interpreted as a delta-function
PV anomaly [Bretherton, 1966], producing surface-intensi-
fied solutions. The appeal of the SQG framework is that the
vertical solutions depend on the horizontal structure.
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Hence, the subsurface dynamics can be recovered solely
from surface information and the mean stratification profile
[e.g., Lapeyre and Klein, 2006]. Although the constant inte-
rior PV assumption seems to be too strong [LaCasce, 2012]
(hereafter L12), it is remarkable that the SQG correctly pre-
dicts the flow in some regions. Comparisons against primi-
tive-equation simulations [Lapeyre and Klein, 2006; Isern-
Fontanet et al., 2008] and observations [LaCasce and
Mahadevan, 2006] have shown that the flow resembles the
SQG recovered fields, although it underestimates the veloc-
ity at depth. This problem can be partially solved by apply-
ing an adjustable constant stratification [Lapeyre and Klein,
2006; Isern-Fontanet et al., 2008] (the “effective” parame-
ter in their terminology) or by seeking an empirical correla-
tion between surface buoyancy and interior PV anomalies
[LaCasce and Mahadevan, 2006].

[s] Is has also been argued that the SQG may be a better
framework for the upper ocean balanced dynamics since
the slope of (along-track) altimeter-derived SSH wave
number spectra at mesoscales seem to be more consistent
with the slope predicted by SQG turbulence theory [e.g., Le
Traon et al., 2008] than with the slope predicted by the
classical QG turbulence theory and previously used to ra-
tionalize SSH observations [e.g., Stammer, 1997]. How-
ever, altimeter-derived spectra slopes do not seem to match
those few estimates from in situ observations [Wang et al.,
2010], likely owing to noise contamination in altimeter
measurements even at mesoscales [e.g., Xu and Fu, 2011,
2012].

[6] These two views of the upper ocean balanced dy-
namics do not exclude each other. Ferrari and Wunsch
[2010] showed that a phase-locked linear combination
between BT and BC1 modes is consistent with the SQG so-
lution, because it can produce a surface intensification
depending on the phase. L12’s elegant analytical solutions
show that long SQG waves project primarily onto the BT
and BC1 modes, thus resembling a combination of these
modes. In addition, the similarity between the BC1 mode
and SQG solution is even more striking for an ocean with
rough topography; the major difference is that the SQG
vertical decay is slightly sharper than that of the BCI
mode.

[7]1 The current meter time series Empirical Orthogonal
Functions (EOFs) are frequently evaluated in terms of the
combinations of linear QG dynamical modes [e.g., Kundu
et al., 1975; da Silveira et al., 2008]. Although L12 clari-
fies the connections and distinctions between QG modes
and SQG solutions, these ideas have not yet been tested
against observations. Here we investigate whether the SQG
solutions are consistent with the vertical structure of cur-
rent meter moorings statistics off southeast Brazil, and
explore their similarities to the traditional QG modes. This
is done by assessing the errors obtained by reconstructing
the EOFs with different QG mode combination and com-
paring against SQG solutions. We believe that this can
shed light on the interpretation and projection of surface
fields (at mesoscales) as well as their projections to depth
in this region, where in situ observations are limited.

[8] This paper is organized as follows. In Section 2, a
brief theoretical review on the traditional QG modes and
SQG solutions is presented, primarily focusing on the verti-
cal structure. The data sets and methods used in this work

are reported in section 3. Section 3.1 describes the main
results of projections of the EOFs onto QG modes as well
as its comparisons against the SQG solutions. Sections 3.2
and 3.3 present discussion and concluding remarks,
respectively.

2. Traditional QG Modes and SQG Solutions

[0] The traditional linear QG modes and the SQG solu-
tions arise from separation of variables of the governing
equations [e.g., Pedlosky, 1987]. For the QG modes, the
vertical structure is governed by

d (fF 0\ | o

& () +20=0. (n
where ¢ is the vertical structure, f, and N(z) are the inertial
and stratification frequencies, respectively, and —\? is the
separation constant. At the boundaries, one generally
requires [e.g., Pedlosky, 1987]

%zo,atzzo,z:f[{. (2)

[10] Equation (1) is derived assuming a mean motionless
and linear ocean. Also, the boundary condition at z = —H
requires a flat bottom. These assumptions are, to some
extent, violated everywhere in the ocean. In particular, in our
study region, the presence of the Brazil Current and the slop-
ing topography may affect this decomposition. Nevertheless,
we treat this as a local and linear problem. Boundary condi-
tions for rough topography are discussed in section 4.4.

[11] Equation (1) along with the boundary conditions
(equation (2)) constitute a particular case of the classical
Sturm-Liouville eigenvalue problem. The eigensolutions
(¢;) are the traditional QG modes. The eigenvalues A} are
(by definition) the inverse of the deformation radii squared.

[12] An implication of the traditional QG modes is that
buoyancy anomalies are not allowed at the boundaries [e.g.,
L12]. Conversely, the SQG problem is posed to allow density
anomalies at the surfaces [e.g., Held et al., 1995; Lapeyre
and Klein, 2006; LaCasce and Mahadevan, 2006; Lapeyre,
2009]. In this case, the vertical structure is governed by

d fode 2.
£ (EY) -0, o)

where we follow L12’s notation and change the variable
for the vertical structure function to keep it different from

the traditional QG modes. Also, for this case \> = —K?2,
where K = /k} + k7; (k, k) is the wave number in the

(x,y) direction. This follows directly from the constant in-
terior PV assumption [L12]. The boundary conditions
(assuming no buoyancy anomalies at the bottom for sim-
plicity) are

=1,atz=0, (4)

and
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[13] Unlike the traditional QG modes, the SQG vertical
structure [x(z)] is intrinsically dependent on the horizontal
scale (K). Therefore, equation (3) along with the boundary
conditions (equations (4) and (5)) do not form an eigen-
value problem; consequently, there is a continuum of SQG
solutions in case K is continuous (infinite unbounded
domain).

3. Data and Methods

3.1. Current Meter Moorings

[14] Three moorings are used to estimate the vertical
structure of the time-dependent flow. The MARLIM moor-
ing (22.7° S; 40.2° W; Figure 1) is in the Brazil Current
domain at the 1250 m isobath off-shore the coast of Rio de
Janeiro, Brazil. It had 9 electromagnetic Marsh-McBirney
sensors [50; 100; 250; 350; 450; 650; 750; 950; 1050 m].
From February 1992 to December 1992 (with an approxi-
mately 30 day-long gap in May 1992), this mooring had
308 days of hourly current measurements. The second half
of this series was analyzed by da Silveira et al. [2008], who
showed that the mooring has adequate vertical resolution to
describe the mean patterns and mesoscale variability of the
Brazil Current.

[15] The other two moorings analyzed in the present
work come from the WOCE Experiment, as part of the
German component (IFM-Kiel) of the “Deep Basin South-
western Boundary” array. Both moorings span January
1991 through November 1992, providing about 650 days of
current measurements every 2 h. The WOCE 333 mooring
(27.9° S; 46.7° W Figure 1; hereafter W333) is in the Bra-
zil Current domain, farther south than the MARLIM moor-
ing, at the 1200 m isobath. It had four Aanderaa RCMS
current meters [230; 475; 680; 885 m] and one upward-
looking 150 kHz ADCP at about 200 m. The ADCP pro-
vides current measurements at 8 m resolution. We use
seven ADCP levels [51; 77; 95; 112; 138; 155; 173 m].
The W335 mooring (28.3° S; 45.3° W; Figure 1; hereafter
W335) is located off the Brazil Current at the base of the
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Figure 1. Mooring locations for MARLIM, W333, and
W335. Solid black lines indicate the bathymetric depths.

The limits of the grids used to compute the SST spectra are
shown in gray.
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continental slope (approximately 3300 m isobath) in the
domain a recirculation flow. It had six Aanderaa RCMS8
current meters [275; 515; 915; 1415; 2510; 3215 m] and
one upward-looking 8 m-bin 150 kHz ADCP at about 250
m. We use 7 ADCP levels [55; 72; 98; 115; 150; 192,
237 m]. While measurements within the mixed layer are
available, we have not used them here, as they include a
substantial component of ageostrophic motion. A detailed
description of both WOCE moorings configurations and ba-
sic statistics is provided by Miiller et al. [1998].

[16] The current meter time series are low-pass filtered
using a Lanczos filter. The cutoff frequency is set 1/40 h™'
in order to retain only the subinertial energy. Additionally,
the temporal mean of the filtered series is removed.

3.2. Climatological Stratification

[17] The mean stratification is needed to compute the
QG modes and SQG solutions. For each mooring, the strati-
fication is computed using annual mean temperature and
salinity profiles from the World Ocean Atlas 2009 climatol-
ogy [Locarnini et al., 2010; Antonov et al., 2010]. The
eight closest profiles of the 0.25° resolution climatology
are averaged (shelf profiles are excluded in the MARLIM
and W333 cases). The stratification frequency is then com-
puted, gridded in the vertical for each 10 m and smoothed
following da Silveira et al. [2000]. The resulting profiles
are shown in Figure 2.

3.3. SST Imagery

[18] SST images are used for estimating the horizontal
scales necessary to compute the SQG solutions. We
selected all cloud-free 7 day composite of 4 km resolution
AVHRR images from Pathfinder (version 5.1, NOAA)
spanning the period of the moorings. A square grid (4 km
resolution) of approximately 600 km x 600 km is selected
for two regions: (i) The MARLIM region; and (ii) The

Depth [m]

= \MARLIM
3000 ===\\/333
== W335
0 0.5 1 1.5
N[ x10

Figure 2. Climatological N?(z) profiles for MARLIM
(black), W333 (dashed black) and W335 (gray) moorings
region.
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WOCE regions. Due to the geometrical constraints of the
continental margin, the MARLIM mooring region square
grid is rotated clockwise by 30° such that the zonal compo-
nent is approximately a cross-isobath component. The SST
from the original Pathfinder grid is linearly interpolated
onto this new grid. The current meter velocity vector is
rotated in a similar fashion, and hereafter the v(u) compo-
nent refer to the along- (cross-)isobath. Additionally, in this
case, the mooring is located close to the middle of the
inshore edge of the grid (Figure 1). The WOCE grid is
north-south/east-west oriented. The grid is centered at the
positions of the W335 mooring. The W333 mooring is
located close to the eastern edge of the grid.

[19] In order to examine the existence of dominant hori-
zontal scales, we compute the zonal and meridional mean
wave number spectra. As we are interested only in the mes-
oscale eddies passing through the moorings, the SST
images are high-pass filtered using a Butterworth filter. The
cutoff wave number is set as 1/300 km~'; half of the do-
main size. The SST anomalies are detrended and multiplied
by a Hanning window (5 points). The fast Fourier trans-
form is computed for a mirror symmetric domain [e.g.,
Isern-Fontanet et al., 2006, 2008]; the mean wave number
spectra is then computed assuming isotropy of scales.

[20] The number of high quality cloud-free images (4
[10] for the MARLIM [WOCE] region/period) is too small
to provide a statistically significant result. Hence, this spec-
tra should be considered as a first attempt to characterize of
the horizontal scales of the variability within these regions
during the mooring periods. Microwave imagery is not
available for the time of the moorings.

3.4. Statistical Mode Computation

[21] EOFs are used to characterize the coherent spatial
(vertical) pattern of the subinertial variability as measured
by the moorings. The statistical or empirical modes are
indeed an orthogonal basis for the data covariance matrix
[e.g., Emery and Thomson, 2001]. We compute the covari-
ance matrices using the Mathworks, Inc. MATLAB® “nan-
cov” script, that allows computing the covariance for
gappy data (MARLIM mooring). The EOFs are computed
by finding the eigenvalues (fraction of variance) and eigen-
vectors (EOF vertical structure, in this case) of the covari-
ance matrix numerically.

[22] In order to evaluate which EOFs are statistically
meaningful, we use a Monte Carlo [Preisendorfer, 1988]
process, which consists of computing the EOFs for 100 sur-
rogate random matrix of the same size as the data matrix;
the random series are also filtered the same way as the ve-
locity series. The amount of variance contained in each sta-
tistical mode (i.e., the relative contribution to the total
energy) is then averaged; two standard deviations interval
represent its 95% significance limits. Only the statistical
modes above the significance limits are considered statisti-
cally meaningful.

[23] Pressure sensors records reveals significant vertical
displacements during highly energetic events, particularly
at the W335 mooring. For instance, the 275 m instrument
(nominal depth) of the W335 mooring reached depths as
deep as 550 m during one of such events. This could bias
the QG mode projection specifically during such events, as
discussed by Wunsch [1997] and Ferrari and Wunsch

[2010]. However, as these events are short-lived, they do
not significantly affect the first EOF wvertical structure.
Therefore, the vertical displacement of the instruments do
not impact the overall results of the present study.

3.5. Dynamical Mode Fit

[24] In this work we explain the spatial (vertical) struc-
ture of variability with the traditional QG modes and SQG
solutions using EOFs as a measure of variability. Although
the EOFs are only a statistical measure, we assume that the
subinertial variability in this region is dominated by first-
order geostrophic motion. We therefore try to attribute
physical meaning to the statistical modes by projecting
them onto the QG modes. EOFs are also compared against
SQG solutions.

[25] The fundamental decomposition used here is similar
to that of the projection of the velocity profiles onto dynam-
ical modes [e.g., Wunsch, 1997]. We write, in matrix
notation,

[EOF ,, EOF || = F[4,,4,] + [Ru, R,], (6)

where EOF ,/x1(EOF ,)/x1) is the dominant EOF matrix
for the u(v) velocity component; A,nxi(Awwxi) is the
modal amplitude matrix; Fy«y is QG mode matrix (col-
umn 1 stands for the BT mode; columns N stands for the
N—1th baroclinic mode); Ryprx1(Ryurx1) is the residual and
should be considered as the sum of errors from: (i) instru-
ment uncertainties (propagated to the EOF computation);
(i1) numerical errors from the eigenvalue/eigenvector nu-
merical algorithm; and (iii) breakdown of the assumption
that the variability in this frequency band is due to QG
motion.

[26] We assume that the energy is concentrated in the
five gravest modes (i.e., N=35 in equation (6)). These QG
modes are computed by solving the Sturm-Liouville prob-
lem (equations (1) and (2)) numerically given the climato-
logical N?(z) profile. The modal amplitudes are obtained
by projecting the EOFs onto the QG modes. As the system
is overdetermined for all moorings (i.e., number of vertical
levels greater than the number of dynamical modes), the
projection is done by solving the normal equations:

[4,,4,) = (FTF)"'FT[EOF ,, EOF ). (7)

[27] The EOFs are reconstructed using one to five
modes. The ability of the dynamical modes to represent the
EOFs is evaluated by comparing the reconstructed (synthe-
sized) profile against the statistical modes. A statistical
measure of this comparison is the normalized RMS
difference:

|I[EOF ,,EOF ] — F¥ [4],, 4] ||

u’

||[EOF ,, EOF ,]|| '

[RMS ifr , RMS g | =

where the vertical bars denote the length and j is the num-
ber of modes used for a particular reconstruction (synthe-
sis). For example, we reconstruct the EOF using a BT/BCl1
mode combination by setting j=2 (42 =A% and
F? = Fy1.2). The RMSg;s using five modes (j = 5) should
be a measure of the residual (R). Furthermore, the
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complement of equation (8) (i.e., 1 — RMS gir ) is the frac-
tion of the EOF variance accounted for by the QG mode
synthesis.

3.6. SQG Versus First EOF

[28] As the SQG vertical solution depends on the hori-
zontal scales, we estimate the dominant wavelengths by
computing the mean wave number spectra using the set of
AVHRR images described above. The mean SST wave
number spectrum for the W333 and W335 region is shown
in Figure 3. The spectrum is broad-banded at mesoscales
(from ~50 km up to the cutoff wavelength). It has high
uncertainty owing to the small number of cloud-free
images, making these results a rough estimate. Conse-
quently, no dominant wave number could be identified.
(The spectrum for the MARLIM mooring (not shown)
region is similar.) Thus, the SQG vertical structure is com-
puted as a combination of all the waves resolved in the
spectrum. That is, in the physical space we write

where the hatted quantity stands for the Fourier transform of
the respective variable. In deriving equation (9), we used the
Parseval’s theorem. Note that, in the SQG framework, the
velocity (kinetic energy) spectrum is related to the SST spec-
trum (assuming SST anomalies are representative of density
variations):  |V|* = |a|* + |9* < X2(Ki,z = 0)K2|T|%).
Therefore, under this approach, either surface velocity or
temperature measurements could be used to estimate X (z).
Since our mooring data are prior to the multi-altimeter-
derived geostrophic velocity era, we use SST data.
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Figure 3. SSTa spectrum (black line) for W333 and
W335 moorings region. The gray shadow represents the
95% confidence interval. For reference, the gray vertical
line indicates the first baroclinic deformation radius (33
km) for W335 mooring region.

[29] For each wave number, we compute the SQG verti-
cal structure [i.e., x(Kj;,z)] by solving numerically the SQG
vertical problem (equation (3) subject to equations (4) and
(5)) given the climatological N?(z) profile; the combina-
tion of SQG vertical structures of all resolved wave num-
bers (equation (9)) provides the SQG solution [x(z)] that is
ultimately compared against the first EOF vertical struc-
ture. As it accounts for a range of wavelengths, we think
this combination is a better way of representing the SQG
solution for comparing it with the EOFs vertical structure.

[30] Another method for combining the SQG waves was
also tested, namely simply combining the SQG solutions
weighted by the energy fraction in each wave number
resolved in the SST spectrum. This linear combination pro-
duces SQG solutions (not presented) very similar to those
obtained with equation (9). Another (more arbitrary) possi-
bility is to look for which wave number produces the SQG
solution that best fits the first EOF vertical structure. The
results (not presented) point that wavelengths of 250-300
km best fit the data; these vertical structures do not signifi-
cantly differ from the combination of SQG waves. This
suggests that the summation in equation (9) is dominated
by the largest wavelength, which has the highest energy
fraction, although it does not represent a statistically signif-
icant peak in the spectrum.

[31] In order to be compared against the unitless EOF
vertical structure, the SQG solution [ (z)] and the first EOF
are normalized by their respective value in the depth asso-
ciated to the uppermost current meter position (i.e., closest
to the surface). The measure of the variance of the vertical
structure of the EOF accounted for by the SQG solution is
calculated using a similar criterion as in the QG mode syn-
thesis (equation (8)).

4. Results

[32] Table 1 presents the results from EOF computations.
For all moorings and both velocity components, only the
first EOF is statistically significant. Therefore, hereafter we
just comment on the dominant statistical mode (first EOF)
for the three moorings. In general the first EOF accounts
for about 85-95% of the depth-integrated variance. As
there are small differences between the two components,
we arbitrarily choose to focus the description of the results
on the v component, although, the results for both compo-
nents are tabulated (Tables 2 and 3) and the u component
results for the rough topography scenario are illustrated in
Figures 7-9. Significant differences are mentioned and dis-
cussed below.

4.1. EOFs Projection Onto QG Modes

[33] The results from QG mode synthesis to the first
EOF are presented in Table 2. We do not present the results

Table 1. Percent of Variance Accounted for by the First Empiri-
cal Mode®

First EOF,, First EOF,,
MARLIM 83.4% = 11.8% 81.8% = 11.8%
WOCE 333 92.2% +10.6% 96.2% * 10.6%
WOCE 335 89.6% * 8.9% 94.4% * 8.9%

*EOF, (EOF,,) stands for the y- (x direction) velocity component EOF.
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Table 2. Percent of the First (EOF,) Depth-Integrated Variance
Accounted for by One QG Mode (BT), Two QG Modes
(BT+BC;), and Four QG Modes (BT+BC;+BC,+BCj), and
SQG Solution®

QG Mode Combination

One Mode Two Modes  Four Modes SQG

MARLIM  29.1 27.2)% 77.8(85.8)% 91.2(88.6)% 82.5 (73.3)%
WOCE 333 42.8 (32.3)% 91.0(89.5)% 94.8 (94.9% 73.9 (77.5)%
WOCE 335 25.4(22.8)% 69.1 (79.7)% 98.5(97.6)% 85.0 (77.6)%

“The traditional flat bottom boundary condition is applied in this case.

for the five-mode combination (i.e., including the fourth-
baroclinic mode), as it accounts for less than 2-3% of the
first EOF depth-integrated variance at all moorings. For the
MARLIM mooring, a linear combination of the BT and
BC1 modes accounts for 77.8% of the depth-integrated var-
iance. This mode combination particularly fails to capture
the sharp vertical decay in the upper 300—400 m (Figure 4).
Consequently, higher-order baroclinic modes are necessary
to account for this near-surface variance. The BC2 and
BC3 modes together contain 13.4% of the variance. These
results are quite similar to those obtained by da Silveira
et al. [2008] for the same mooring, though the series ana-
lyzed in the present work is 120 days longer. Indeed, if the
time series is split in 3 month pieces and the EOFs are com-
puted, we notice that the vertical structure of the first EOF
does not change significantly. This supports the assumption
that the first EOF is dominated by mesoscale variability.

[34] The projections are different for the # component
(cross isobath in this case) for the MARLIM mooring. The
BT and BCl1 (see Table 2) accounts for 85.8% of the var-
iance. This suggests some anisotropy of the variability, pos-
sibly constrained by the sloping topography.

[35] The BT/BC1 mode combination seems to better rep-
resent the first EOF vertical structure at the W333 mooring
(Figure 5; see also Table 2). The linear combination of
these modes contains 91.0% of the variance. Note that in
this case the first EOF does not show a sharp decay in the
upper 300—400 m. Thus, the BC1 mode describes the near-
surface structure fairly well. The BC2 and BC3 modes to-
gether account for 3.8% of the variance.

[36] Offshore of the Brazil Current domain, at the W335
mooring, BT and BC1 modes together account for 69.1%
of the first EOF variance (Figure 6; Table 2). In particular,

Table 3. Percent of the First EOF, (EOF,)) Depth-Integrated Var-
iance Accounted for by One QG Mode (BC;), Two QG Modes
(BC+BC,y+BC;3), and Three QG Modes (BC;+BC,+BC;3), and
SQG Solution®

QG Mode Combination

One Mode Two Modes  Three Modes SQG

MARLIM  67.9 (73.6)% 88.0 (90.0)% 92.8 (90.4)% 84.8 (77.1)%
WOCE 333 89.5(82.3)% 933 (95.4)% 96.4 (99.2)% 68.2 (74.9)%
WOCE 335 60.2 (64.1)% 75.4(86.6)% 95.9 (97.3)% 84.9 (84.9)%

*The rough topography boundary condition is applied in this case. The
BT mode vanishes.
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Figure 4. First EOF (filled circles) of the velocity anoma-
lies for MARLIM mooring. Comparison against two QG
modes (BT+BC,) and four QG modes
(BT+BC;+BC,+BCj3), and SQG solution for a flat-bottom
scenario.
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Figure 5. First EOF (filled circles) of the velocity anoma-
lies for W333 mooring. Comparison against two QG modes
(BT+BC;) and four QG modes (BT+BC;+BC,+BCj3),
and SQG solution for a flat-bottom scenario.
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Figure 6. First EOF (filled circles) of the velocity anoma-
lies for W335 mooring. Comparison against two QG modes
(BT+BC;) and four QG modes (BT+BC;+BC,+BC3),
and SQG solution for a flat-bottom scenario.

it is clear that the BC1 mode fails to represent the sharp
vertical decay in the upper 500 m. Higher modes are
needed to account for this variance; BC2 and BC3 modes
together contain 29.6% of the variance.
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Figure 7. First EOF (filled circles) of the velocity anoma-
lies for MARLIM mooring. Comparison against one QG
mode (BC;) and three QG modes (BC;+BC,+BCj3), and
SQG solution for a rough topography scenario. (The BT
mode vanishes in this case).
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Figure 8. First EOF (filled circles) of the velocity anoma-
lies for W333 mooring. Comparison against one QG mode
(BC,) and three QG modes (BC;+BC,+BC;), and SQG
solution for a rough topography scenario. (The BT mode
vanishes in this case).

[37] The results from the MARLIM and W335 moorings
are not consistent with the overall results from Wunsch
[1997], who has shown that the bulk of the near-surface
energy is accounted for by the BC1 mode. In particular, the

—t
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Figure 9. First EOF (filled circles) of the velocity anoma-
lies for W335 mooring. Comparison against one QG mode
(BC)) and three QG modes (BC;+BC,+BCj3), and SQG
solution for a rough topography scenario. (The BT mode
vanishes in this case).
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near-surface energy of these moorings contain considerable
amount of energy in the BC2 and BC3 modes. These out-
comes motivated us to test whether SQG solutions would be
a better model for the vertical structure of the variability in
these regions. As pointed out by L12, the fact that a domi-
nant EOF in a particular region decays more sharply than the
BC1 mode “could be an indication of SQG motion.”

4.2. EOFs Versus SQG Solutions

[38] The results from comparisons of first EOF against the
resulting SQG solution [X(z)] for each mooring are presented
in Table 2. For the Marlim mooring (Figure 4), the SQG solu-
tion accounts for 82.5% of the first EOF variance. In particu-
lar, the SQG solution seems consistent with the sharp vertical
decay in the upper 300-400m. The u component (cross iso-
bath in this case) is significantly different; the SQG accounts
for 73.3% of the first EOF variance in this case.

[39] For the W333 mooring (Figure 5; see also Table 2),
the SQG solution contains 73.9% of the variance. However,
the SQG solution vertical decay is much sharper, and it
diverges dramatically from the first EOF in the upper 300400
m. This is to be expected since the first EOF vertical structure
is well represented by the BT/BC1 mode combination.

[40] For the W335 mooring (Figure 6), the SQG solution
accounts for 85.0% of the first EOF variance. Unlike the BT/
BC1 linear combination, the SQG solution does account for
the sharp decay in the upper 500 m. The # component con-
tains 77.6% of the first EOF variance. In particular, the first
EOF vertical structure goes almost to zero below 2500 m,
which may be an indication of effects of topography, or, bot-
tom friction (see discussion in section 4.4).

4.3. SQG Projection Onto QG Modes

[41] As the traditional linear QG modes are solutions of
the Sturm-Liouville problem (equations (1) and (2)), they
constitute an orthogonal basis for the subspace of solutions.
Therefore, the SQG solutions project onto them [Ferrari
and Wunsch, 2010, L12]. Following L12, we evaluate how
the SQG solutions project onto the QG modes. (Other
authors treat the QG traditional mode decomposition as
incomplete. They argue that they are degenerate with
respect to the upper boundary condition; a good discussion
is provided by Lapeyre [2009].)

[42] The projection results for all moorings are presented
in Table 4. For the MARLIM mooring, the SQG solution
projects primarily onto the BT and BC1 modes (43.6% and
33.2%, respectively), followed by the BC2 mode (14.8%)
and the BC3 mode (6.0%). For the W333 mooring, the SQG
solution projects primarily onto the BT mode (56.5%), fol-
lowed by the BC1 mode (28.8%). This suggests that the
SQG solution contains a considerable amount of the variance
of the first EOF in this region, owing to the variability in this

Table 4. Projection of SQG Solution Onto QG Modes Using the
Flat Bottom (Rough Topography) Boundary Condition

Mode
BT BC, BC, BGC;
MARLIM 43.6% 33.2(56.9% 14.8 (25.9)% 6.0 (10.7)%
WOCE 333 56.5% 28.8 (65.7)% 11.7 24.7)% 2.9 (8.8)%

WOCE 335  30.5%  34.75(50.7)%  17.5(23.6)%  11.1 (12.9)%

region being significantly barotropic (Figure 5). The projec-
tion of the SQG onto the higher modes (11.7% for the BC2)
is consistent with the fact that the SQG solution is not con-
sistent with the first EOF. For the W335 mooring, the SQG
solution projects primarily onto the BC1 mode (34.75%),
followed by the BT mode (30.5%). Considerable amount of
energy is also found in the BC2 and BC3 modes (17.5%
and% 11.1%, respectively).

[43] In general these projection results are in agreement
with the theoretical cases studied by L12, which showed that
long SQG waves project primarily onto the BT and BCI1
modes, with the dominance of one or the other depending
upon the decay of the stratification profile. Indeed, the
WOCE 355 case is similar to the theoretical “longwave/shal-
low thermocline” case discussed by L12, projecting primar-
ily onto the BCl and BT modes, although a significant
fraction of energy is found in the BC2 and BC3 modes.

4.4. The Rough Topography Scenario

[44] So far we have considered the traditional linear QG
modes and the SQG solutions in a classical flat-bottom fash-
ion, which implies no vertical velocity at the bottom, and,
consequently, no buoyancy variations are allowed. (Mathe-
matically, this is expressed by a homogeneous Neumann
bottom boundary condition for the vertical structure, that is,
d¢/dz = 0 atz = —H.) In a more realistic scenario, with to-
pography and bottom friction, the vertical velocity is not
zero at the bottom [e.g., Vallis, 2006; Ferrari and Wunsch,
2010]. Here we investigate how topography affects the verti-
cal structure of the QG modes and SQG solution and its
comparison against the first EOF. For simplicity, we neglect
the bottom friction. This would be the case when low stratifi-
cation at the bottom and relatively small viscosity combine
to produce a negligible friction forcing term [Ferrari and
Wunsch, 2010]. The linearized bottom boundary condition
in terms of the vertical structure becomes

C,wﬁ) dﬁb dnb
A A t = — 1
N2 0, at z H, (10)

where ¢ is the vertical structure (although we are using the
QG modes notation, the same boundary condition will be
used for the SQG solution, substituting ¢ for x); for sim-
plicity, we considered that the topography only varies in
the x direction (i.e., the departure from the mean depth is
7, = Mp(x); x being approximately the cross isobath direc-
tion); ¢, is the phase speed of the QG/SQG waves in the y
direction. Equation (10) is a mixed boundary (Dirichlet/
Neumann) condition and as it depends on the wave number
(¢y = ¢y(l), where [ is the y direction wave number), the
Sturm-Liouville problem does not hold; the QG modes are
not orthogonal [e.g., Szuts et al., 2012]. L12 computed the
QG modes and SQG solutions for two extreme cases in
which the Sturm-Liouville problem holds: the classical flat
bottom (d¢/dz = 0) and rough topography (¢ = 0). It is
interesting to evaluate the limits in which the homogeneous
Dirichlet boundary condition (¢ = 0) could be applied.
Assuming the allowable error to be 10% we could apply
the Dirichlet condition provided
N2|yH| G|

cySO.IT. (11)
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Table 5. The Estimated Limit for Along-Isobath Phase Speed c,
for the Dirichlet Boundary Condition (Rough Topography) to
Hold

Dirichlet
(¢,<[ms ']
MARLIM 0.33
WOCE 333 0.22
WOCE 335 0.26

[45s] We estimate the right-hand side of Equation (11) for
the three moorings. The topographic gradient was esti-
mated from the ETOPO2 data base and H is taken to be the
mooring local depth. Generally for the three mooring
regions, the Dirichlet boundary condition holds for waves
with phase speeds smaller than 0.2-0.3 m s~' (Table 5).
Estimates for phase speeds within these regions are rare. da
Silveira et al.’s [2008] analysis of baroclinic instability for
the MARLIM mooring region suggests phase speeds of
approximately 0.05 m's ' for the most unstable Brazil Cur-
rent baroclinic waves. Therefore, in this case, the Dirichlet
boundary condition should be applied. Indeed our scaling
arguments point out that the classical flat-bottom QG
modes would hold only for much gentler slopes (reciprocal
of equation (11)). Hence, in these three cases, the Dirichlet
boundary condition (rough topography) may be a better
approximation than the classical flat bottom boundary
condition.

[46] A high-bottom friction regime would also lead to a
homogeneous Dirichlet bottom boundary condition
(¢ = 0). This does not seem to be the case since the first
EOF of the cross-isobath component is also affected above
the bottom; for instance, the cross-isobath eigenstructure
for the W335 mooring almost vanishes at 2500 m depth
(Figure 9), suggesting that the effect is not restricted to a
boundary layer. Near-bottom horizontal velocity intensifi-
cation occurs, e.g., in regions with closed f/4# (where
h=H+n, is the total depth) contours [e.g., Dewar, 1998],
but the topography is almost meridionally oriented off Bra-
zil. Furthermore, as this near-bottom variability is likely
not coherent to that of the surface-intensified mesoscale
eddies in this region, this effect would not be present in the
first EOF.

[47] We recompute the QG modes as well as the SQG
solutions using this new bottom boundary condition (Table
3; Figures 7-9). The rough topography seems to make the
interpretation of the first EOF in terms of baroclinic modes
worse. (Note that the BT mode vanishes in this case [L12].)
In general, the representation close to the bottom, particu-
larly for the x component (Figure 9) is improved. For the
MARLIM mooring, the BC1 mode just contains 67.9% of
the first EOF variance (compared to 77.8% of the BT/BC1
linear combination for the flat bottom case). Similarly, for
the W335 mooring the BC1 mode is inadequate, accounting
for only 60.2% of the first EOF variance (compared to
69.1% of the BT/BCI flat bottom case). For the W333 case
the BC1 mode contains 89.5% of the first EOF variance
(compared to 91.0% of the BT/BC1 flat bottom case).

[48] On the other hand, the SQG solution still seems to
be a fair model to represent the first EOF at the MARLIM

and W335 moorings. The SQG solution is modified only
close to the bottom and remains consistent with the data,
accounting for 77.1% (84.9%) of the (x component) first
EOF variance at the MARLIM (W335) mooring. In partic-
ular, the near-surface portion of the SQG solution is not
significantly affected by the rough topography. Therefore,
the SQG solutions remain a better model (as compared to
the BT/BC1 combination) to represent the sharp decay
observed in the MARLIM and W335 moorings (Figures 7
and 9).

[49] The SQG solutions project primarily onto the BCI
for the rough topography scenario. At the W333 mooring,
the BC1 accounts for 65.7% of the variance; the BC2 and
BC3 modes contain 24.7% and 8.8% of it, respectively. For
the W335 (MARLIM) mooring, the BCl mode contains
50.7% (56.9%) of the variance. A significant amount of
energy is found in the BC2 and BC3 modes, which account
for 23.6% (25.9%) and 12.9% (10.7%) of the first EOF var-
iance, respectively.

5. Summary and Discussion

[s0] We test two dynamical models of vertical structure
(traditional QG modes and SQG solutions) against first
EOF from two moorings in the Brazil Current domain
(MARLIM and W333) and one farther offshore (W335).
Traditionally, these EOFs are interpreted as a phase-locked
BT and BC1 mode linear combination. However, this linear
combination poorly captures the sharp decay observed in
the upper 500 m (300 m) at the W335 (MARLIM) mooring,
albeit it contains 69.6% (77.8%) of the depth-integrated
first EOF variance. Conversely, at the W333 mooring,
which does not exhibit a near-surface sharp decay, the BT/
BC1 linear combination is a better representation and con-
tains 91.0% of the first EOF variance.

[51] The second model of the vertical structure is a com-
bination of SQG waves. The vertical decay of this SQG so-
lution is consistent with the statistics of the variability at
the W335 mooring. For this mooring, it accounts for 85.0%
of the depth-integrated variance and, in particular, captures
the exponential decay in the upper 500 m. To some extent,
similar results were obtained for the MARLIM region. In
this case, the SQG solution accounts for 82.5% of the first
EOF vertical structure. However, the SQG solution
presents a sharp decay which is inconsistent with the
observed variability at the W333 mooring.

[s2] Ferrari and Wunsch [2010] argue and present some
mooring-based evidence that a phase relationship between
BT and BC1 modes is consistent with the SQG solution.
This does not seem to be true for the W335 and the MAR-
LIM moorings. The phase-locked combination between BT
and BC1 mode produces just part of the surface intensifica-
tion; it does not account for the sharp vertical decay
observed in this region.

[53] Lapeyre [2009], analyzed numerical model results
from the Parallel Ocean Program model in the North At-
lantic, and concluded that the SQG solution dominates the
upper 600 m in the Gulf Stream region. The results for the
W335 mooring and, to some extent, MARLIM mooring are
consistent with this. However, we recognize that the SQG
solutions project onto the QG modes, and another explana-
tion for the sharp decay is simply a richer baroclinic
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Figure 10. Flat-bottom SQG solution and its synthesis in
terms of four QG modes (BT+BC;+BC,+BC3) for MAR-
LIM mooring. The synthesis accounts for 95% of the
depth-integrated SQG solution variance.

composition. Indeed, this is not inconsistent with the SQG
solution model if one considers that the traditional QG
modes span the subspace of solutions. The projection of the
SQG solutions onto the QG modes is in agreement with
this: Considerable energy in the higher-baroclinic modes
(BC2 and BC3) to account for the sharp decay in the upper
500 m. For instance, Figure 10 depicts the flat-bottom SQG
solution for the MARLIM mooring and its synthesis using
four QG modes. This synthesis accounts for 95.0% of the
depth-integrated SQG solution variance. Results for the
WOCE 335 mooring are very similar, where the four-QG
mode synthesis accounts for 85.0% of the depth-integrated
SQG solution variance, particularly representing the sharp
near-surface decay. This is consistent with the fact that the
inclusion of the BC2 and BC3 allows for the QG modes to
account for up 98.5% of the first EOF variance. Conse-
quently, as far as near-surface decay is concerned, SQG sol-
utions and four-QG mode combination are indistinguishable.
In other words, the SQG solution converges to a four-QG
mode representation and both are consistent with the data.

[54] The calculations are repeated for a rough topogra-
phy scenario, in which the velocity vanishes at the bottom.
In general, the rough topography does not improve the
results when trying to interpret the first EOF on the basis of
the traditional QG mode. On the other hand, the SQG solu-
tion only changes close to the bottom, and still accounts for
the sharp vertical decay. In particular, the SQG solutions
(and higher-order QG mode combination) for rough topog-
raphy better matches the first EOF for the x component.
Additionally, in line with L12, the results show that for a
rough topography, the similarity between the BC1 mode
and SQG is higher, although higher-order QG modes are
necessary to account for the near-surface sharp decay.

[55] The consistency between the SQG solutions and the
first EOF vertical structure implies that SQG-based meth-

ods for reconstructing the subsurface dynamics [e.g.,
Lapeyre and Klein, 2006; LaCasce and Mahadevan, 2006;
Isern-Fontanet et al., 2008] are likely to work, provided
that the surface KE is matched. A natural question is
whether these methods would represent the correct physics,
that is, if the SQG dynamics is dominant in these regions.
To answer this question, we evaluate whether the SQG sol-
utions can account for the amplitude of the observed eddy
field. We estimate the surface velocity for the SST snap-
shots following the SQG methodology, assuming that the
surface density is dominated by SST gradients[e.g.,
LaCasce and Mahadevan, 2006]. The lateral SST gradient
predicts eddy amplitudes (here defined as the spatial root
mean square (RMS) of the velocity field) of about 0.07 and
0.02 m s~ ' at the MARLIM and W335 regions, respec-
tively. This represents only about 20% of the RMS of the
uppermost velocity measurements at these moorings.
Although the spatial RMS of the snapshot may not be
directly comparable to the temporal RMS in a single loca-
tion, these estimates are (at least) suggestive of a more
complex (surface/interior) eddy dynamics. Indeed, the sur-
face-intensified stratification affects the penetration of SQG
waves, reducing its magnitude even at the surface (L12). In
addition, the constant interior PV assumption is not strictly
valid in these regions. The presence of the vertical shear of
the Brazil Current (MARLIM and W333) and of a recircu-
lation flow (W335) is associated with interior PV gradients.
Therefore, it is likely that these SQG-like vertical structures
are a combination of the surface buoyancy gradients and
the surface-intensified interior PV. Nonetheless, it is re-
markable that the SQG solutions correctly represent the
sharp vertical decay at the MARLIM and W335 moorings.
[s6] How can one explain such SQG-like vertical struc-
tures? An explanation could be sought on the basis of nec-
essary conditions for baroclinic instability. Specifically, the
relative importance of surface and interior contributions
depends on the velocity vertical shear near the surface
[Lapeyre, 2009], and this may determine the type of insta-
bility that is taking place [e.g., Pedlosky, 1987]. Although
Lapeyre [2009] argues that local linear baroclinic instabil-
ity does not fully explain the differences in interior/surface
mode decomposition in the North Atlantic, arguments
based on the Charney-Stern-Pedlosky criterion for linear
baroclinic instability [e.g., Vallis, 2006] seem to provide a
consistent explanation for the present results. In particular,
the vertical shear of the long-term mean flow is intensified
close to the surface at the MARLIM and W335 moorings
(Figures 11 and 13), producing a long-term mean PV gradi-
ent that presents a relatively shallow zero-crossing. (Under
the local approximation, we neglect the contribution of the
relative vorticity in the PV. This seems a consistent approx-
imation for the study of mesoscale phenomena [Tulloch
et al., 2011].) The interaction of the surface shear with the
PV gradient in the interior could lead to the development of
Charney-like instabilities [Tulloch et al., 2011], producing
a SQG-like vertical structure. (Here as background flow is
meridional, the condition for the Charney-like instability is
that the surface vertical shear has the same sign of the zonal
PV gradient somewhere in the interior [e.g., Isachsen,
2011].) The conditions for “shallow” Phillips-like instabil-
ities [Tulloch et al., 2011] are also satisfied. This would be
the case in which the SQG-like vertical structure is solely
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Figure 11. Mean y component velocity vertical shear
(dashed line) and mean PV x component gradient (continu-
ous line) for MARLIM mooring. The shear and PV gradi-
ent are normalized by their maximum magnitudes 1.3 10>
(s "yand 4.9 107 '° (m ' s ), respectively.

generated by the surface-intensified PV (without surface
buoyancy variations at the surface).

[57] In contrast, the shear at the W333 mooring is inten-
sified at mid-depth (Figure 12), producing a deeper (as
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Figure 12. Mean y component velocity vertical shear
(dashed line) and mean PV x component gradient (continu-
ous line) for W333 mooring. The shear and PV gradient are
normalized by their maximum magnitudes 6.0 10~* (s~ )
and 4.4 107" (m~" s, respectively.
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Figure 13. Mean y component velocity vertical shear
(dashed line) and mean PV x component gradient (continu-
ous line) for W335 mooring. The shear and PV gradient are
normalized by their maximum magnitudes 6.5 107> (s~ )
and 3.8 10 "' (m ' s™"), respectively.

compared to the MARLIM and W335 moorings) zero-
crossing in the PV gradient profile. In this case, it is likely
that Phillips-like instabilities [Tulloch et al., 2011] take
place, consistent with the fact that the vertical structure of
the first EOF is captured by a linear combination of two
QG modes. These explanations for the observed structure
are tentative, as it is difficult to accurately estimate the
shear at the surface owing to the lack of instruments. In
addition, it is likely that both Charney-like and Phillips-like
instabilities are important. It is also well-known that the
local linear baroclinic instability analysis “ignores many
other dynamical possibilities” [Tulloch et al., 2011]. Fur-
thermore, forced solutions could also be important; indeed,
the negative equivalent depth modes [e.g., Philander, 1978]
have SQG-like vertical structures. Therefore, the vertical
structure may be a response to much more complicated sur-
face/near-surface processes. Notwithstanding these caveats,
the local linear QG baroclinic instability arguments seem to
plausibly rationalize the results obtained here.

6. Concluding Remarks

[s8] The present work shows that the SQG solution is
consistent with the vertical structure of the first EOF at two
(one in the Brazil Current domain and one offshore) out of
the three moorings analyzed. In particular, the SQG solu-
tion can account for the observed sharp near-surface decay.
However, the only conclusion we can reach is that the SQG
is a better model than the traditional BT/BC1 linear combi-
nation in representing the vertical structure of the statistics
of mesoscale variability in these regions, specifically its
near-surface sharp decay. Nevertheless, our results point
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out to the presence of a more complicated near-surface
structure. On a regional scale, this implies that care should
be taken in interpreting altimeter data only as due to first
BC mode motions. Although an SQG interpretation or sim-
ply a richer baroclinic mode composition are both consist-
ent with the data, the observed vertical structures may be
the response to much a more complicated surface/near-sur-
face processes. SQG-based models to recover subsurface
fields are likely to correctly represent the flow in these
regions, although the interior PV is clearly not constant.
Regions where the main PV gradients are confined to the
surface tend to present a SQG-like vertical structure. In
fact, this is simply a generalization of the PV sheet argu-
ment [Bretherton, 1966] to a surface-trapped PV. Future
work should combine global mooring data set, SSH and
SST observations, and realistic numerical simulations to
further investigate these issues, and consider local linear
baroclinic instability analysis to rationalize the results.
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